We define a ghost D-brane in superstring theories as an object that cancels the effects of an ordinary D-brane. The supergroups U (N |M ) and OSp(N |M ) arise as gauge symmetries in the supersymmetric world-volume theory of D-branes and ghost D-branes. A system with a pair of D-brane and ghost D-brane located at the same location is physically equivalent to the closed string vacuum. When they are separated, the system becomes a new brane configuration. We generalize the type I/heterotic duality by including n ghost D9-branes on the type I side and by considering the heterotic string whose gauge group is OSp(32+2n|2n). Motivated by the type IIB S-duality applied to D9-and ghost D9-branes, we also find type II-like closed superstrings with U (n|n) gauge symmetry.
the near-horizon limit of D3-branes in type IIB string theory. Many of exact calculations in topological string theory have also been made possible by the inclusion of D-branes [3] . The identification of fermions with D0-branes revivided the investigation of two dimensional string theories [4] [5] [6] .
In this paper, we introduce the notion of ghost D-branes in superstring theories. We define a ghost D-brane as an object that cancels the effects of an ordinary D-brane. We Ghost D-branes preserve the same supercharges as ordinary D-branes, and it is natural to consider its strong coupling dual. Indeed we will show that the type I OSp(32+2n|2n) string theory is dual to a heterotic OSp(32 + 2n|2n) string theory (see [7] for an earlier discussion on this heterotic string) by generalizing the type I/heterotic duality [8] . We will also discuss a supergroup extension of the E 8 × E 8 heterotic string. This heterotic string has infinitely many massless gauge fields. We expect that it is uplifted to the HoravaWitten [9] like setup in M-theory. It is also interesting to consider the type IIB S-duality applied to n pairs of D9-and ghost D9-branes. As its strong coupling limit, we find a novel superstrings that have the U (n|n) gauge fields in the closed string sector. This superstring theory looks like a heterotic modification of the ordinary type IIB string, which is equivalent to the type IIB string with n NS9-branes and n ghost NS9-branes.
Another context where various Lie groups appear is the study of string junctions suspended between (p, q) 7-branes (refer to e.g. [10] and references therein). It is natural to add ghost 7-branes and ask which Lie supergroups can appear as symmetry groups. We will realize SU (N |M ) and OSp(2M |2N ) symmetries in this way and obtain their Dynkin diagrams in terms of string junctions.
There is a rather similar example in two dimensional string theory 3 . The c = 1 matrix model dual provides its non-perturbative definition. This model is equivalent to the quantum mechanics of infinitely many free fermions in an inverse harmonic potential.
The ordinary vacuum of two dimensional string theory corresponds to the Fermi surface 1 2 (p 2 − x 2 ) = E 0 . The fluctuations on this fermi surface correspond to the massless scalar field in the closed string theory (e.g., see the review [11] and references therein).
If we get rid of a band of fermions with the energy E 2 ≤ E ≤ E 1 assuming E 1 < E 0 , then we have three Fermi surfaces at E = E 0 , E = E 1 and E = E 2 . Thus this system possesses three massless bosons ϕ 0 , ϕ 1 and ϕ 2 as fluctuations (or collective fields) on these Fermi surfaces (see Fig.1 ). Interestingly, the second one ϕ 1 turns out to be a ghost, i.e.
it has the wrong sign in its kinetic term. This is because the higher energy region is completely filled at the Fermi surface E = E 1 and excitations always have negative energy.
On the other hand, since the opposite is true at E = E 0 and E = E 2 , the fields ϕ 0 and ϕ 2 are ordinary massless scalar fields.
Despite its seeming instability near E = E 1 , this system is stable because the fermions in the c = 1 matrix model are free. To be exact, we need to consider type 0 string theory [5] [6] to obtain its non-perturbative completion. In the limit E 1 → E 2 where the band disappears, the scalar field ϕ 1 and the ghost field ϕ 2 cancel out as expected.
In this way we find a physically sensible theory with ghosts. Then we can apply the modern identification of the fermions with D0-branes in two dimensional string theory [4] [6]
[12] to find what background in two dimensional string this configuration corresponds to.
Removing fermions with energy E 2 ≤ E ≤ E 1 can be interpreted as condensing infinitely many ghost D0-branes. Notice also that we cannot describe such a background in the two dimensional effective dilaton-gravity theory 4 . Also closely related to ghost D-branes are the anti D-branes in topological string theory [14] . Indeed the amplitudes of the anti D-branes in topological string theory precisely cancel the amplitudes of the D-branes. The cancellation between topological branes and anti branes has been heavily used in the recent developments in topological string theory [3] . It seems that anti D-branes in topological string theory are more directly a counterpart of ghost D-branes than anti D-branes in physical superstring theory. 4 A similar situation appears in the flux background of the two dimensional type 0B string theory. A description of this background was proposed in [13] using a quantum field redefinition of the RR scalar field. string theory and argue that it is given by the heterotic OSp(32 + 2n|2n) string theory.
We also discuss a supergroup extension of the heterotic E 8 × E 8 string theory and mention its M-theory origin. Section 5 is devoted to the construction of type IIB-like superstrings with U (N |N ) gauge symmetry, motivated by S-duality in type IIB string theory. In section 6 we 'derive' Dynkin diagrams of Lie superalgebras from 7-branes configurations in type IIB string theory. In section 7 we discuss other implications of our results and future directions.
Chan-Paton Factors and Lie Superalgebras
Usually, the gauge group which appears in the open string sector is U (N ) in type II string theory, and SO(N ) or Sp(N ) in type I string theory. These are realized by assigning Chan-Paton matrices to open strings. We will generalize these Chan-Paton matrices in superstring theories into elements of Lie superalgebras. For reviews of Lie superalgebras refer to [15] [16] [17] as well as appendix A of the present paper. Our results in this section, section 3 and section 6 can also be applied to bosonic and type 0 strings. Though in this paper we only consider BPS configurations of D-branes, it is straightforward to apply similar arguments to non-BPS configurations such as brane-antibrane systems [18] .
U (N |M ) and Type II String Theory
We argue that this extension corresponds the inclusion of negative tension Dp-branes.
We call them ghost Dp-brane. In the boundary state formalism, an ordinary BPS D-brane is represented by a boundary state |D = |D NSNS + |D RR . The ghost Dp-brane is defined simply by the boundary state |gD with an overall minus sign
It is crucial to distinguish a ghost D-brane from an anti D-brane. The boundary state for the latter is obtained by flipping the sign of the RR part only [18] . A brane antibrane system is non-supersymmetric, while a brane ghost-brane system possesses sixteen supersymmetries. This is because a ghost D-brane keeps the same half supersymmetries as the BPS D-brane does.
Consider an cylinder amplitude between a Dp-brane and a ghost Dp-brane in type II string theory. This is obviously given by minus the ordinary amplitude between BPS Dp-branes
where ∆ is the closed string propagator. Interpreted in the open string channel, the spectrum is given by replacing bosons in the ordinary spectrum on D-branes with fermions and vice versa. Thus all fields between a Dp-brane and a ghost Dp-brane are ghost-like.
The gluons become fermions and the gauginos become bosons. Now consider N Dp-branes and M ghost Dp-branes on top of each other. We can summarize this field content by a hermitian supermatrix (see appendix A)
where φ 1 and φ 2 are bosonic hermitian matrices, while ψ is a complex fermionic matrix.
The diagonal part φ 1 (or φ 2 ) corresponds to the open strings between D-branes (or ghost D-branes). The off-diagonal part ψ corresponds to the open strings between D-branes and ghost D-branes and thus they have the opposite statistics. In other words, the worldvolume theory on N Dp-branes and M ghost Dp-branes is given in low energy by a p + 1 dimensional super Yang-Mills theory with gauge group U (N |M ). In this way, a U (N |M )
valued Chan-Paton factor naturally appears. If we place N D9-branes and N ghost 9-branes, the tadpoles are canceled and we obtain a consistent ten dimensional U (N |N )
super Yang-Mills theory coupled to type IIB supergravity 5 . Note that in this case the NSNS tadpole is also zero and therefore we do not need to invoke the Fischler-Susskind mechanism.
The appearance of the supergroup U (N |M ) in a similar way was mentioned in [6] in the context of matrix model duals of two dimensional string theories. In the topological string context, the gauge group of the brane-anti brane system was argued to be U (N |M )
in [14] . This is consistent with our discussion because in topological string theory we only have the RR-sector part [21] and thus the boundary state for an anti D-brane is precisely minus that of a D-brane.
OSp(N |M ) and Type I String Theory
To define type I string theory, we need an orientation projection. D1 or D9-branes
give an SO(N ) Chan-Paton factor, while D5-branes 6 give Sp(N ) (N is even) [22] . Since there exists an orientifold 9-plane in the background, the brane configuration is described by the sum
where |Ω is the crosscap state. From the overlap of two of such states we get the cylinder + Möbius strip + Klein bottle amplitudes. We extend this theory by including negative tension Dp-branes as before. Notice that the |Ω part remains the same because we do not want to modify the theory itself. Then the ghost brane configuration is described by
In the presence of N D9-branes and N anti D9-branes, the system is described by the U (N ) × U (N ) gauge theory with bi-fundamental (complex) tachyon fields [18] [19] . Clearly there is no U (N |N ) symmetry. Instead, the mathematical structure of the gauge theory is described by the Quillen's superconnection, where odd elements correspond to tachyon fields (and not the gauge field) as shown in [20] . 6 Our convention for symplectic groups is such that Sp(2) = SU (2). Sometimes Sp(N ) is denoted by U Sp(N ). and ghost D9 become ghost-like as before. We thus find the OSp(N |M ) gauge group in type I string theory. On the other hand, N D5-branes and M ghost D5-branes give rise to the gauge group OSp(M |N ) with an opposite sign for the coupling constant g 2 Y M . The detailed structure of OSp(N |M ) will be discussed in the next subsection and in appendix A.
For 9-branes, we need to impose the condition N − M = 32 so that the tadpoles are canceled. As we will see later, indeed the gauge anomaly is canceled in super Yang-Mills theory with gauge group OSp(32 + 2n|2n) by the Green-Schwarz mechanism [23] 8 .
Ω Action and Lie Superalgebras
So far we have been discussing ghost D-branes from the viewpoint of boundary states.
Here we consider how the orientation projection Ω acts on open string states.
The Ω action reverses the orientation of the world-sheet as usual. It always acts on the oscillator part of a massless gluon state as Ω |gluon = −|gluon . Below we concentrate on its action on the Chan-Paton factor. Since it exchanges the two boundaries of the open string world-sheet, Ω will act like |i, j → |j, i , where i, j = 1, 2, · · ·, N + M in the presence of N D-branes and M/2 ghost-branes. We express the Chan-Paton matrix by λ and assume that λ is hermitian as usual. We expect that Ω acts by transposing λ. When we λ is a supermatrix we need to modify the definition of a transposed matrix. Indeed the effective Yang-Mills action on branes is S ∝ StrF 2 + · · · and the Ω action should be a symmetry of this system. Because in general (
is not a symmetry. As is explained in appendix A, we should supertranspose λ to λT . This 7 The reason why we have to mod the number of ghost 9-branes by the factor 2 is that the Sp projection will be imposed on them as we will see shortly and therefore they only make sense when M is an even integer. 8 With 32 + n D9-branes and n anti D9-branes, the gauge group becomes SO(32 + n) × SO(n) (or Sp(32 + n) × Sp(n) by considering the opposite Ω projection) [24] [25] . Then we can write the Ω action in the following form
where γ is a U (N |M ) matrix corresponding to a gauge transformation on D-branes. By requiring that this is a Z Z 2 action Ω 2 = 1, we find the condition
Under the U ∈ U (N |M ) rotation λ → U λU −1 , the matrix γ transforms as γ → U γUT .
We can pick up the following solution to the constraint (2.7) 8) corresponding to the ± sign in (2.7), respectively. The M × M matrix η M is defined by η = −σ 2 ⊗ I M/2 (see also (A.14) in the appendix A).
The massless gauge field should satisfy Ω = −1 under the action (2.6). In the case γ = γ OSp , this leads precisely to the condition that the Chan-Paton factor is a generator of OSp(N |M ):
This is realized when we consider ghost D9 or D1-branes in type I string theory 10 . The other case γ SpO corresponds to OSp(M |N ) and occurs when we consider D5-branes. 9 Here we employed Schur's lemma for supermatrices [15] . Also we assumed the generic situation N = M . 10 In the ghost D1-branes case, the transverse scalars are not in the adjoint representation and are subject to the the opposite projection Ω = 1, i.e., they satisfy λ = −γ SpO λT γ
−1
SpO .
World-Volume Theory on Branes and Ghost Branes
The world-volume theory on N Dp-branes and M (or M/2) ghost Dp-branes can clearly be described by a gauge theory with U (N |M ) (or OSp(N |M )) Chan-Paton matrices. The low energy action 11 is that of the (p + 1) dimensional super Yang-Mills theory whose gauge group is one of these supergroups
where consistently as we will explain later.
Cancellation between Branes and Ghost Branes
Let us assume all branes and ghost branes are situated at the same location. In 
2) 11 The DBI action takes the form S = T Dp d p+1 x Str − det(1 + 2πα ′ F µν ). It has a minus sign in front of the whole DBI action for the gauge fields with wrong-sign kinetic terms. 12 Notice that only commutators appear in these expressions for the Yang-Mills theory. Anticommutators which are typical in Lie superalgebras (see appendix A) arise when we expand a supermatrix-valued field φ(x) by bosonic generators T A with coefficients φ A (x). Only φ A can be Grassmann odd and in that case we find anti-commutators
in type II string theory and
in type I string theory 13 , assuming N ≥ M . When N < M we clearly obtain
We can also derive a similar relation for the correlation functions of gauge invariant operators.
We can also imagine a situation with branes of different dimensionalities. However, as is shown in appendix B, cancellation takes place for each Wick contraction of correlation functions. Then it is obvious that the reduction holds for multi-matrix models if we prove it for one-matrix models.
This cancellation (3.2) for U (N |M ) matrix model has been already shown 14 perturbatively by Feynman diagrams [28] [29] and non-perturbatively by Virasoro constraints [28] . 13 Here we consider p = 1, 9 branes. For p = 5 branes we have only to replace g
in the right-hand side of (3.3).
14 Similar matrix models have been discussed in [26] [27] in order to compute superpotentials of 4D N = 1 super Yang-Mills theories.
In appendix B we review these proofs and also extend it to the OSp(N |M ) case to show (3.3) and (3.4). The similar reduction of U (N |M ) was also explained for the supergroup sigma model in [30] [31] and for the topological branes [14] . In the appendix, we also show that the reduction U (N |M ) → U (N − M ) holds for flavor symmetry, too. Now, it is possible to give large vevs to φ i s so that the D-branes are far away from the ghost D-branes. For such a configuration the cancellations like (3.2)(3.3) are not true any more. In this paper we will not get into details of the physical interpretations of these unusual modes, but only discuss briefly in the final section.
Anomaly Cancellation in Type I OSp(32 + 2n|2n) String
In order to obtain a physically sensible gauge theory, we have to require all gauge anomalies to vanish. The ten dimensional N = 1 super Yang-Mills theory always suffers from the hexagon anomaly. However, when we couple the gauge theory with N = 1 supergravity, the anomaly is canceled by the Green-Schwarz mechanism [23] .
In this cancellation mechanism [23] [32], the essential identity required was
where F is the gauge field strength. In the end, we find that (3.5) is satisfied for the celebrated gauge groups SO(32) and E 8 × E 8 .
In our case of the supergroups, we need to replace Tr ad with the supertrace Str ad .
To see that (3.5) is satisfied in this case, we need to rewrite the supertrace Str ad in the adjoint representation in terms of the supertrace Str in the fundamental representation.
This can be found from the explicit form of the generators in the adjoint representation in terms of the generators t A µν in the fundamental representation:
The supertrace is defined as StrM = (−1) |µ| M µµ in the fundamental representation and as traces with supertraces (for some details see the appendix B.4). Explicitly, we find
The condition (3.5) is satisfied only when N − M = 32. We conclude that the anomaly is canceled for the gauge group 16 OSp(32 + 2n|2n) as we expected.
The type IIB system with N D9-branes and N ghost D9-branes also has a gauge anomaly which gets cancelled by the Green-Schwarz mechanism.
Heterotic Strings with Supergroup Gauge Symmetries

Heterotic World-Sheet from Type I/Heterotic Duality
Since type I string theory with the OSp(32 + 2n|2n) gauge group has sixteen supersymmetries, it is well-motivated to consider its strong coupling limit. We claim that it is given by the OSp(32 + 2n|2n) heterotic string theory 17 generalizing the well-known case of n = 0, i.e., the type I/heterotic duality [8] . The existence of this novel heterotic string has already been mentioned in [7] recently.
We can derive its world-sheet theory from the type I side. A D1-brane in the type I OSp(32 + 2n|2n) string theory is dual to a fundamental heterotic string. We find eight from 1-9 strings. 18 Here we used the fact that the open strings between the D1-brane and 15 The same is true for SU (N |M ) and SU (N − M ).
16 It will also be interesting to check the anomaly cancellation for
that will be discussed in the next section. 17 In this paper, we omit the difference of supergroups analogous to the familiar one between SO(32) and Spin(32)/Z Z 2 .
18 If we consider more than one D-strings, there are gauge fields and their anomaly must be canceled [33] . The gauge anomaly is indeed canceled in our configuration of 9-branes.
the n ghost D9-branes become ghost-like and have the wrong spin-statistics relations. The world-sheet theory of the OSp(32+2n|2n) heterotic string in the light-cone Green-Schwarz formalism is thus the N = (0, 1) conformal field theory with field content
The current algebra part of the heterotic world-sheet theory has 32+2n spin-1/2 real fermions and 2n spin-1/2 real bosons, which has the total central charge c = 16. 19 Indeed, this is the free field representation of the level-one OSp(32 + 2n|2n) current algebra [34] .
Level-One OSp(M |N ) Current Algebra
We now study the level-one OSp(M |N ) current (N is even) algebra since it is an essential building block of the heterotic OSp(32 +2n|2n) string theory. For general aspects of current algebras based on supergroups refer to, e.g., [34] [35].
We have the following OPEs for the M free real fermions and N real bosons (called symplectic bosons):
We will raise the index of symplectic bosons as ζĩ = −ηĩζ, where the anti-symmetric matrix ηĩ = iJĩ is defined by (A.14) in the appendix A. We define the bosonic currents
3)
The bosonic generators t a and tã belong to the SO(M ) and Sp(N ) Lie algebras, respectively:
We also require that t a and tã are hermitian. In addition, there exist fermionic currents Then it is easy to show the currents (4.3) and (4.5) give a representation of the OSp(M |N ) current algebra at level-one denotes an anti-commutator if A and B are fermionic; otherwise it denotes a commutator (see appendix A).
Closed String Spectrum in the Heterotic OSp(32 + 2n|2n) String
In order to keep modular invariance, we impose the GSO projection for the (λ, ζ)
system in a way similar to the SO(32) heterotic string [36] [32] . In the NS sector we have
The R sector is defined by periodic boundary conditions. Let us define F λ and F ζ modulo 2 to be the operators that count the numbers of λ and ζ relative to the appropriate ground state in each sector. 21 The GSO projection picks out states with (−1) F λ +F ζ = 1 in both sectors. We define the torus partition function by
where the trace is over the left-moving NS and R sectors. The latter expression can be written as a sum over the four spin structures of the torus, and reduces to the torus partition function of the heterotic SO(32) string due to cancellation between 2n fermions and 2n bosons. Note that the cancellation requires the same periodicities of bosons and fermions 22 . These are the reasons for the unconventional definition above and then the modular invariance is obvious. The insertion of (−1) only come from the NS sector of the current algebra. We find states corresponding to the
as well as their gauginos. Furthermore there exist gauge fields (and bosonic gauginos) 9) which are fermionic because (−1)
Altogether, they form the ten dimensional
Recently, it was found in [37] that there exists an open string in the SO(32) heterotic string theory. One important consistency check for the existence of such an open string was the cancellation of gauge non-invariant terms between the world-sheet and spacetime.
Another was the conservation of degrees of freedom flowing from the world-sheet to spacetime. These checks go through for the OSp(32 + 2n|2n) heterotic string by replacing the traces by supertraces as we did in subsection 3.2.
Another way to describe this heterotic string theory is to bosonize the (λ, ζ) system.
We can regard the n copies of the symplectic bosons (ζ 2l−1 , ζ 2l ) (l = 1, 2, .., n) as the (β, γ)
systems. Then we can apply the standard bosonization procedure (k = 1, 2, ..., 16 + n) 10) where the OPEs are
We can represent the Cartan subalgebra generators H m (m = 1, 2, · · ·, 16 + 2n) of OSp(32 + 2n|2n) as the following 16 + 2n currents
The vertex operator of the form (V oscillator denotes the part made of oscillators of ϕ,φ, η and ξ) 13) possesses the weight eigenvalues H m = α m and its conformal dimension is
Notice that the conformal dimension ∆ oscillator for the oscillator part is always a nonnegative integer.
The 16 + 2n simple roots of OSp(32 + 2n|2n) (see the Dynkin diagram in Fig.6 ) are
given by the following operators (we omit cocycle factors)
Notice that α n is the only fermionic simple root and the others are all bosonic. We find the inner products (called the symmetric Cartan From (4.15), we see that the root lattice of OSp(32 + 2n|2n) is given by
The weights of the 'spinor' representation can be found as follows. In terms of the λζ system, the fields corresponding to simple roots are
As in the SO(32) case, the GSO projected R-ground states furnish a 'spinor' representation.
Let us define |0 R to be the ground state annihilated by the zero-modes of λ k and ζ l . Since the simple root operators contain at least one of these, |0 R is the highest weight state in one of the irreducible spinor representations. This state has eigenvalues (highest weight)
of the Cartan generators. Thus an element of the weight lattice Γ spinor for this spinor representation is the sum of (4.19) and a vector in Γ root . The Narain lattice for the bosonized description of the OSp(32+2n|2n) heterotic string is the sum of the two lattices:
The inner product of q, q
as we defined in (4.14). It is easy to check that the lattice Γ n,16+n is even with respect to this inner product as required by the level matching condition and locality of vertex operators. Although the torus partition function has contributions from fermions η, ξ, we expect that modular invariance requires self-duality of the lattice. We have checked that the lattice Γ n,16+n is indeed self-dual.
Heterotic String Based on the E 8 × E 8 -like Supergroup
We can define another heterotic string by imposing double GSO projections as we do to define the E 8 × E 8 heterotic string [36] . This leads to another supergroup extension of heterotic string theory in ten dimensions. Let n be even. We divide the free fields λ i and ζĩ in the previous subsection into two groups:
After taking GSO projections (4.7) separately on these theories, we have the four leftmoving sectors (NS, NS), (NS, R), (R, NS) and (R, R). As in the OSp case, the (NS, NS)
sector has the total zero-point energy −1 and thus the massless gauge bosons for
There also exist fermionic gauge fields In the ordinary E 8 × E 8 heterotic string, the 248 dimensional adjoint representation of one E 8 is obtained by combining the 120 dimensional adjoint representation of one SO(16) in the (NS, NS) sector and the 2 7 =128 dimensional spinor representation of the same SO (16) . In our heterotic string we can easily see that the massless gauge bosons and fermions belong to two copies of an infinite dimensional Lie superalgebra. We call this superalgebra E(8 + n 2 , n 2 ) since it includes the E 8 algebra. What we have discussed is the heterotic
We found that E(8 + n 2 , n 2 ) is infinite dimensional. This fact seems to be consistent with the known mathematical fact: there is no finite dimensional Lie superalgebra which is a counterpart for the E n Lie algebra. The only examples of exceptional Lie superalgebras are called G(3) and F (4), whose bosonic parts are G 2 × SU (2) and SO(7) × SU (2), respectively. Indeed, if we try to extend the E 8 algebra by adding fermionic roots, we find that the Cartan matrix ceases to be positive definite. Thus the superalgebra becomes infinite dimensional (this is called an indefinite superalgebra).
The Narain lattice for the E(8 +
) and is defined in the same way as Γ n,16+n : An element of Γ n 2 ,8+ n 2 is an integer vector (n 1 , ..., n 8+n ) such that a n a is even, or the sum of such a vector and ((−1/2) n/2 , (1/2) 8+n/2 ). It is equipped with the (− n/2 , + 8+n/2 )-signature metric.
We can discuss the strong coupling limit of this heterotic string theory. The product form of the gauge supergroup suggests the Horava-Witten type duality [9] . In other words, we expect that this ten dimensional string theory is dual to the M-theory on S 1 /Z Z 2 . This Z Z 2 projection preserve sixteen supersymmetries. Each of two fixed planes will provide the
2 ) gauge theory. It would be interesting to see this from the anomaly cancellation argument in eleven dimensional supergravity.
Finally we would like to mention a subtlety that appears when we consider the spinor representation for the OSp supergroups. Such a state appears in the massless states of
2 ) string as we have seen, and also in the massive states of the heterotic OSp(32 + 2n|2n) string. The corresponding vetex operators can be constructed via the bosonization (4.10) of the (β, γ) system. To maintain the modular invariance, we need to pick up a state with a definite picture as in the superconformal ghosts sector of the ordinary superstrings. When we consider a OPE between two different R-sector operators we encounter an vertex operator with a different picture. Then we need to identify states with different pictures as we do by the picture changing operation in ordinary superstrings. We leave the details of this operation in our case for a future problem.
Toroidal Compactification
One can consider the heterotic OSp(32 + 2n|2n) or E(8 + (l = 1, ..., n) and A k µ (k = n + 1, 2, ..., 16 + 2n). As is shown in appendix D, the momenta for this system are given by
generalizing the results for for ordinary heterotic strings [22] . Here (q l , q k ) is a point in the lattice Γ n,16+n or Γ n 2 ,8+
that defines the heterotic string theory. n µ and w µ are arbitrary integers representing the momentum and the winding number along the
Let us define
Then the level matching condition is
Here N andN arise from oscillator excitations and take integer values. We have defined the metric on the momentum lattice by
We see that the level matching condition is satisfied because the lattice Γ n,16+n or Γ n 2 ,8+ n 2 of (q l , q k ) is even. It is clear that the moduli space of the lattices for this toroidal compactification is given by SO(16+d+n, d+n; Z Z) SO(16+d+n, d+n; R) SO(16+d+n, n; R)×SO(d, R). (4.26)
The moduli are the metric, B-field, and Wilson lines.
As is well-known the SO (32) 
on the OSp side and
on the E × E side. It is cumbersome but straightforward to show that the spectrum (4.25)
on the OSp side is exchanged with that on the
Type II-like Closed Superstrings with U (n|n) Supergroup Gauge Symmetries
In the previous section, we constructed the world-sheet of the heterotic OSp(32 + 2n|2n) string from the strong coupling limit of a D1-brane in the type I OSp(32 + 2n|2n) string, generalizing the typeI/heterotic duality. In this section, we consider the type IIB S-duality in the same spirit and ask what the world-sheet description is for the S-dual of the system involving n D9-branes and n ghost D9-branes. In other words we study type IIB string with n NS9-brane and n ghost NS9-branes. We will be able to construct a IIB-like superstring world-sheet which leads to the U (n|n) gauge symmetry.
Superstring World-Sheet from S-Duality
Consider the world-sheet of a D-string in the background of n D9-branes and n ghost D9-branes. We find eight transverse scalars X m (m = 25 . These fields from the 1-1 string match the massless excitations of the type IIB fundamental string [38] . We have new ingredients due to the 9-branes.
From the 1-9 strings, we find left-moving fermions λ i (i = 1, ..., n) and left-moving (ghost)
bosons ζĩ (ĩ = 1, ..., n). The 9-1 strings give the conjugate fieldsλ i andζĩ. These spin- 1 2 fermions and bosons behave just like those in (4.10). They furnish a representation of the level-one current algebra OSp(2n|2n) k=1 , which will reduce to U (n|n) k=1 as we will see below.
We also need to take into account the effects of the gauge field A µ on the D1-brane.
Let us consider a compactification on a circle of radius 1 in appropriate coordinates and assume that the D-string is wrapping the circle. It is well-known that the flux F τ σ measures the fundamental string charge on the D-string. Since we are interested in the pure D-string (e.g. the perturbative F-string in the dual side), it is natural to consider the sector with F τ σ = 0. Then the path-integral for A µ after gauge fixing is over the constant Wilson line A σ . Since A µ couples with the U (1) current
the integration over constant A σ forces the U (1) charge J 0 to vanish:
The restriction to the zero-charge sector reduces the current algebra 26 to U (n|n) k=1 (see [35] for the properties of this current algebra). 25 Here we imposed the Dirac equation. 26 If we fully gauge the U (1) without imposing F τ σ = 0, we get the current algebra P SU (n|n) k=1 .
Let us combine the fields as (Λ
I ) = (λ i , ζĩ), (Λ I ) = (λ i ,
ζĩ). Turning on a Wilson
line along the S 1 changes the periodicities to Λ I (σ + 2π) = e 2πiν Λ I (σ),Λ I (σ + 2π) = e −2πiνΛ
I (σ) for some real ν. Just as the Z Z 2 gauge symmetry produces the R-and NSsectors of the heterotic string in the type I/heterotic duality, the U (1) gauge symmetry instructs us to integrate over ν from 0 to 1. This integration is however trivial because as long as we look at sectors where the U (1) charge J 0 vanishes, 27 the Hilbert space is independent of ν 28 . We choose to work in the NS-sector (ν = 1/2) in what follows.
Closed Superstrings with U (n|n) Gauge Symmetries
We are led to consider a superstring whose world-sheet theory is described in the
with the U (1) projection (5.2). As is usual in the type II string, we also have the (b, c) and (β, γ) ghosts.
Now we briefly study the new superstring we have just discovered. In the (0, 0)-picture, the gauge fields are represented by the heterotic-like vertex operators Clearly, this superstring with U (n|n) gauge symmetry is equivalent to the ordinary type IIB superstring as long as the amplitude involves only the external particles that are present in the usual theory. This is because the system with n D-branes and n ghost Dbranes is equivalent to the one without branes, and our theory is S-dual to such a system. 27 The requirement J 0 |state = 0 can also be regarded as the analog of the GSO projection in the heterotic string case. 28 For example, the J 0 condition excludesλ i0λj0 |0 R that has no counterpart in the NS sector.
This equivalence holds perturbatively because of the fact that a U (n|n) gauge theory is trivial as we saw in subsection 3.1. This equivalence is no longer true when we compactify the string theory on a circle and turn on generic Wilson lines. For example, it is possible to turn on the Wilson lines so that the interactions between the NS9-branes and the ghost NS9-branes, which carry U (n) gauge groups, become weak. This may be a useful model to investigate NS9-branes.
The existence of a gauge multiplet implies that the supersymmetry is superficially broken from 32 supercharges to 16 supercharges, though the system sitting at the vacuum is actually equivalent to the type IIB superstring. We expect that the construction here extends to IIA-like superstrings via T-duality. We would like to come back to more details of these new string theories in another publication.
Lie Superalgebras from 7-Brane Configurations
Type I SO(32) string theory on T 2 is equivalent to the type IIB string theory on T 2 /Z Z 2 with four orientifold 7-branes (O7-branes) located at each fixed point via the Tduality. There are sixteen D7-branes allowed so that the tadpoles are canceled. This string theory is known to be non-perturbatively described by F-theory compactified on a specific elliptically fibered K3 surface [39] [40] . In the latter description the presence of D7-branes and O7-branes is equivalent to the existence of singular fibers in the K3 surface.
If we consider a probe D3-brane near an O7-brane, its low energy theory is given by the 4D N = 2 SU (2) 1) and (1, −1) 7-branes, respectively. The N -th F-string becomes fermionic because it stretches between a 7-brane and a ghost 7-brane, corresponding to the fermionic simple root α N . The final root α N+M is the string junction made of (2, 0), (1, 1) and (1, −1) strings.
Furthermore we can add an O7-brane in this 7-brane configuration. Then the gauge group enhances into OSp(2M |2N ). The O7-brane can be regarded as a bound state of one (1, −1) and one (1, 1) 7-brane [10] . Then we can express the simple roots and the Dynkin diagram of OSp(2M |2N ) in terms of string junctions as in Fig.3 . Even though the SO(2M ) part of the bosonic subgroup is manifest in Fig.3 , the Sp(2N ) symmetry is not obvious. In fact, we can find the string junction corresponding to the long root with length-squared four which is typical in Sp(2N ) as in Fig.4 . In terms of simple roots of the OSp algebra the long root α long is given by
Then one may worry that the long root may contradict with the standard BPS condition This can be easily understood from the heterotic dual viewpoint. Consider the heterotic OSp(32 + 2n|2n) string on T 2 . The BPS condition requires that the right-moving sector is in the ground state. Thus from (4.14) we immediately find
where we assumed that there are no momenta in the compactified directions. When the equality is saturated, the mode becomes massless. For the long root (α long , α long ) = −4, the left-moving part of the vertex operator looks like Even though a long root is not a BPS junction in ordinary string theory, it becomes BPS in our setup which includes ghost 7-branes. This is not a simple root in the superalgebra OSp(2M |2N ) and thus did not show up in Fig.3 .
Thus this includes the oscillator excitation of ∆ oscillator = 3 and it indeed becomes massless.
It is possible to obtain a superalgebra counterpart of E n by adding ghost D7-branes in the E n 7-brane configuration. Such superalgebras are, as we have seen from the heterotic string viewpoint, infinite dimensional because the Cartan matrix A ij is no longer positive definite. Such algebras are called indefinite superalgebras. One simple example is obtained from the D 5 Dynkin diagram (=7-brane configuration) by adding a fermionic node (=a ghost D7-brane) so that the Dynkin diagram becomes similar to E 6 (see e.g. [43] ). It will also be interesting to see if we can obtain the affine Lie superalgebras from 7-brane configurations.
Finally, we discuss the F-theory interpretation. When we separate ghost 7-branes from D7-branes, the value of Imτ (τ ≡ ie −φ + χ) is negative near a ghost brane. This is not possible if we identify τ with the period of the torus fiber in the elliptically fibered K3
surface. This suggests that we need to consider F-theory on a sort of generalized K3 surface.
We expect that such a manifold would be a supermanifold with complex superdimension two 30 . We encounter a similar situation when we examine the type IIA/heterotic duality as we discuss in the final section.
30 Some of earlier works on supermanifolds are, e.g., [44] [45] [7] . More recently supermanifolds have been discussed in the topological string theory on twistor spaces in [46] [47] [48] .
Discussions
Isolated Ghost D-branes
When On the other hand, we have seen several interesting properties that may turn ghost D-branes into a useful notion in string theory. First of all, they preserve the same supercharges as ordinary D-branes, so the combined system is BPS. Second, in the compactified heterotic string dual discussed in section 4, we found the degrees of freedom corresponding to turning on the Wilson line. They are T-dual to moving ghost D8-branes. We believe that these issues deserve further study and that they may provide us with physically important consequences.
One intriguing model would be a system of static D-branes and a ghost D-brane moving toward the D-branes. Since the transverse scalars of the ghost D-brane has the wrong signs in their kinetic terms, this system would describe a ghost condensation. Also if we assume that the D-branes are far apart from the ghost D-brane, the influence of the ghost D-brane on an observer sitting on the D-branes will be tiny, as the bulk theory is described by the ordinary superstring theory. This setup reminds us of the recent cosmological scenario [49] .
IIA/Heterotic Duality
It is well-known that type II string theory on K3 is dual to heterotic string theory on is equivalent to the one for the heterotic string on T 4 . Under this duality, a fundamental heterotic string is mapped to an NS5-brane wrapped on the entire K3 surface in type IIA string theory.
We expect that a similar duality will also hold for our heterotic string. This leads to the conjecture that the OSp(32 + 2n|2n) heterotic string on T 4 is equivalent to type IIA string theory on a certain manifold whose sigma model leads to aĉ = 2 SCFT with the following moduli space
as is clear from (4.26).
Since K3 is known to be the unique compact and simply connected Ricci flat manifold with complex dimension two, we probably need to consider a supermanifold with super dimension two (i.e., bosonic dim. − fermionic dim.=2) in the same sprit as in the heterotic string side. Notice that the same manifold can occur in the F-theory description discussed in section 5. Moreover, a supermanifold version of ALE spaces can naturally arise by considering the T-dual of the system with NS5-branes and ghost NS5-branes.
Other Superalgebras
It would be interesting to ask if finite dimensional Lie superalgebras other than U (N |M ) and OSp(N |M ) can appear in some open string theory as Chan-Paton matrices.
To have such an interpretation, they need to be realized as subalgebras of the supermatrices gl(N |M ). From the Kac classification [53] of Lie superalgebras, we find two families of such superalgebras Q(N ) and P (N ). These are called strange superalgebras and are defined by the supermatrices
where φ and ψ are N × N bosonic and fermionic matrices, 31 respectively; ψ S and ψ A are the fermionic symmetric and antisymmetric matrices. 31 Strictly speaking the mathematical definition of Q(N ) and P (N ) requires that φ and ψ are traceless to make the algebra simple. We ignore this condition here as we usually do when discussing the U (N ) gauge symmetry on N Dp-branes.
Formally, we can find a Z Z 2 action h which projects a system of N D-branes and N ghost D-branes into the system that corresponds to (7.3) . They are given 32 by h Q = −(−1) F S and h P = −Ω(−1) F s (F S is the spacetime fermion number) for Q(N ) and P (N )
respectively. This is because the action −(−1) F S flips the signs of the NSNS and RR parts of a boundary state and a D-brane is mapped to a ghost D-brane (i.e. it acts as Φ → σ 2 Φσ 2 ). However, the closed string theories arising from projections by h Q and h P do not seem to make sense; in particular the OPEs may not close.
Other interesting superalgebras are the exceptional ones. There are two of them:
F (4) and G(3). Since the non-simply laced Lie group F 4 can be found as part of a gauge group in the CHL string theory [42] , these supergroups might somehow show up in heterotic string theory.
Future Directions
There are various 'ghost' branes whose existence in string theories are predicted by dualities. These include the negative tension versions of NS5-branes, fundamental strings, M2-branes, and M5-branes. It would be interesting to study the properties of these objects.
The reduction of a system with supergroup symmetries to one with usual bosonic symmetries as described in subsection 3.1 holds not just in string theory but in general quantum field theories. It may be possible to find useful applications of this.
It is known that the perturbation theory does not appear to reduce to SU (N − M ) around a vacuum of the SU (N |M ) Chern-Simons theory [14] . More generally, one can consider a topological brane-anti brane system where some background fields are turned on and anti branes are not completely canceled. We expect that the topological string amplitudes for such a system computes some terms in the low-energy action of corresponding system of D-branes and ghost D-branes, by replacing traces with supertraces in the usual formulas. This may have some applications.
We are grateful to J. Polchinski and S. Ryu for useful discussions. This work was supported in part by the National Science Foundation under Grant No. PHY99-07949.
Appendix A. Definition of Lie Superalgebras
Lie superalgebras [53] are defined by replacing the commutation relations in the definition of usual Lie algebras with the Z Z 2 graded ones such that (anti-)commutators
where |X| denotes the fermion number of X, i.e. |X| = 0 if X is even (or bosonic) and |X| = 1 if X is odd (or fermionic). Finite dimensional Lie superalgebras were classified by Kac [53] . Some of them can be expressed by supermatrices. For more extensive reviews, refer to [15] [16] [17] .
A.1. Preliminaries
We express a supermatrix X in terms of bosonic A, B or fermionic C, D submatrices
We define supertrace Str and superdeterminant Sdet of X by
They satisfy
In order to be consistent with these, we work with a supertransposed matrix Note thatT is not a Z Z 2 action, but a Z Z 4 action. In fact we can see
where K denotes
On the other hand, the adjoint operation remains the ordinary one
which involves T rather thanT . This satisfies
We call a supermatrix X hermitian if X † = X. In the special case N = M the algebra is not simple because the element I 2N commutes with everything else. We have to take a quotient by U (1) to make it simple. This is called P SU (N |N ).
A.2. SU (N |M
A.3. OSp(N |M )
We move on to the orthosymplectic algebra OSp(N |M ), where M is always even.
The OSp(N |M ) is defined by imposing the constraint on SU (N |M ), i.e.
where γ is defined by
Solutions to (A.12) are the superalgebra elements of OSp(N |M ) and can be written as
The first bosonic part φ 1 satisfies the O(N ) projection 16) while the second one φ 2 satisfies the Sp(M ) (or U Sp(M/2)) projection
Due to the hermiticity condition, the fermionic part obeys 
A.4. Other Lie Superalgebras
There are many other superalgebras in Kac's classification. Here we summarize them.
In general, Lie superalgebras fall into two classes: classical Lie superalgebras and Cartan type superalgebras.
In addition to SU (N |M ) and OSp(N |M ) (also called A(n, m), B(n, m), C(n + 1), D(n, m) in Kac's classification as we mentioned), the classical Lie superalgebras include the exceptional ones called F (4) and G(3). They have as the bosonic parts the Lie algebras of SO(7) × SU (2) and G 2 × SU (2), respectively. Also it is known that D(2, 1) has a continuous parameter α and is called D (2, 1; α) . Furthermore, the classical superalgebras also include the so-called strange superalgebras denoted by Q(n) and P (n).
Finally, there are four families of Cartan type superalgebras called W (n), S(n),S(n) and H(n). They are defined as (sub)algebras of the vector fields on the n dimensional flat fermionic manifold, whose coordinates are given by n Grassmann numbers (θ 1 , θ 2 , · · ·, θ n ). 
B.1. Proofs by Virasoro constraints
The U (N |M ) supermatrix model is defined by the action
and the matrix integral
We can derive an infinite number of partial differential equations which should be satisfied by the partition function Z[U (N |M )] in the form of Virasoro constraints. They can be found by shifting the supermatrix as
To compute the Jacobian, let us consider the variation
Then the superJacobian reads
(B.5)
By combining the superJacobian and the variation of the action, we obtain the loop equa-
which can also be written as
for k ≥ 1 and
(B.6)
B.2. Perturbative Proof of Cancellation in the U (N |M ) Matrix Model
We consider correlation functions in the U (N |M ) supermatrix model (B.1). The propagators can be written as (we set c 2 = 1 by rescaling)
(B.8)
We can also write them in a compact way
In this notation the supertrace is given by StrΦ = µ (−1) |µ| Φ µµ .
Below we follow the arguments in [28] to show that any correlation function in this matrix model only depends on N − M . Since we can perform perturbative expansions of interaction terms, we have only to examine correlation functions in the free theory (i.e.
c n = 0 for n ≥ 3). To make the fermionic nature of the indexes manifest, we rewrite Φ µν as α µᾱν . Then α i are bosonic while α a are fermionic. Consider the operator product StrΦ 3 StrΦ 3 which can be expressed as
(B.10)
Then we take the Wick contractions using the propagator (B.9). We concentrate on a particular contraction. Then by moving only pairs of (ᾱα) we can always divide (B.10)
into several parts such that in each part the contraction is taken successively following the
where #fermionic loops denotes the number of loops where the sum with respect to a = N +1, ···, N +M is taken. The contraction is denoted by αᾱ. Now evaluate the contraction using the propagator (B.9). We do this as follows
Indeed it is easy to see that we can simply replace each contraction α µᾱν with the δ µν . In this way the sum over each Feynman diagram looks like 
B.3. Perturbative Proof of Cancellation in the OSp(N |M ) Matrix Model
Next we consider the perturbative expansion of (B.7). The supermatrix takes the form (A.15). The propagators are given by (we set c 2 = 1/4)
(B.14)
We can summarize (B.14) as Remember that the previous result in the SU (N |M ) case holds for each Wick contraction, which looks like
Let us replace one of the propagators with the one in the second term. Without losing generality we can replace δ µ 1 µ 2 δ ν 1 ν 2 with −(−1)
where we have employed the identity γ µν = (−1) |µ||ν| γ νµ and γ 2 = 1. Therefore we have shown that this result depends only on N − M again, though the power of N − M is reduced by one. More general cases can be handled by induction. This completes the proof of (3.3).
B.4. Anomaly Cancellation
Here we show that the results (3. In general the central charge of the corresponding Virasoro algebra (obtained from the Sugawara construction) for the Lie supergroup G is given by
where k is the level and sdimG =dimG B −dimG F is the super dimension of the supergroup G. h is the dual Coxeter number.
In the affine SU (N |M ) algebra case, we find 
) Heterotic string
Here we derive the formulas (4.25) for the momenta by generalizing the arguments in [54] .
We consider the compactification of the OSp(32+2n|2n) or E(8+ The world-sheet theory contains free bosons X µ=1,···,d with radius R, left-moving free bosons X k=n+1,···,16+2n , X l=1,···,n with radius √ 2α ′ . 35 There are also n pairs of ηξ fermions 35 In the notation of subsection 4.3,
l .
of conformal weights 1 and 0. We can ignore these fermions here. The world-sheet theory is described by the following world-sheet action:
together with the constraints (∂ τ − ∂ σ )X k = 0 and (∂ τ − ∂ σ )X l = 0. Here ǫ τ σ = −ǫ στ = 1.
We take the radius for X µ to be R. The radius for X k and X l is √ 2α ′ , i.e., the free fermion radius. X l are the free bosons that bosonize the spin-1 2 β-γ systems, and appear in the kinetic terms with the wrong sign.
The constraints are second class. To canonically quantize the system, we need to use the Dirac bracket to take the constraints into account. The canonical momenta are
The Dirac brackets among them turn out to be
The Dirac brackets involving X µ are equal to the Poisson brackets. If we take the combination P ′ µ (σ) = P µ (σ) − A k µ P k (σ) − A l µ P l (σ), P ′ µ , P k , and P l commute among themselves and are the momenta that are truly canonically conjugate to X µ , X k , and X l in the presence of the constraints. Let x µ , x k , and x l be the zero-modes of X µ , X k , and X l . The momenta canonically conjugate the zero-modes are quantized in units of the inverse radii. Let us write
Then n µ is an integer while q k and q l are half integers taking values in the appropriate lattice defining the heterotic string. Let w µ be the winding numbers for X µ . Then one finds
From this, one can read off the momentum lattice (4.25).
